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IEUEMWUIOI? W HENDII?GMOMEMTSIN IIKESSUBE-IOAllEDRINGS

OF ARBITRARYS9APEWHEN“IEFIECTIONSARE CONSIDERED

By 1?.R ● Steidbacherand Hsu 10

sdmARY

An analyticalmethodhas been derivedfor determiningbending-
momentW3tributionin ringsof arb~traryshapeunderinternalpressure
loads,with the changeof geometricshapescausedby the loadbeing
mnsidered. For the purposeof clarty, the msthoddevelopedwas

slaappliedonlyto double-symmetrical pes● A differential-mte@
equationhas been derivedfor this purposeand its solutionobtained
in the form of a trigonometricseries.

Chartshave been providedfor two specificfamiliesof rtigsof
variousproportions&d flexibilities.Tests conductedon ringsof
bothfamiliesagreeverywell with the analyticalcalculations● For
ringsbelongingto or closeto thesefamilies,the bentig—~ t
distrilmtionsand the deflectionsof the ring can be read directly
from the curves. For ringsof entirelydifferentshapes,an average
of 20 hours is necessaryfor the completesolutionof the problem.
E-les have bean givento qhowthe methodof obtaidng the curves.

On comparingthe presentresultswith the resultsof solutions
in whiclideflectionshave been neglected,it is seenthat the bending
mments previouslycomputedhave alwaysbeenmuch too conservative.
The errorintroducedis considerablewhen the ringsbecomemore and
more flexible.

It is believedthatby the use of thismethodcurvescan be
drawnfor a t~ical frameb a fuselageand fixxnthesecurvesthe
bendingmomentsand deflectionscan be esttited for all s~~
frames.

INTRODUCTION

Nunwrouspapershave been writtenregardingthe designof the
ringsfor monocoquefuselages.All of themwe@e basedon the assumption
that the deflectionsof the ring”causedby the loadsare so smallthat
the internalbendingmomentsand shearand axialloadswilll.Be unchanged

. . —— --
... ,
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by any smallchangein the geometricshapeof the ring.

NAOA TN NO. l@2

. .

However,the
error introduced by neglectingthe changein the geometricshape
becomesmore and more importantas the size of the airplaneincreases
and more flexibleringsare usedto savewei@t. It is the obJectof
this paper,therefore,to take into accountdeflectionswhen calcu-
latingthe bendingmcmlentsin rings.

The fact that the changeof geometricshapehas an important
effecton the finalbending-momentdistributionin the ringscan be “
illustratedby the beam-colunmanalogyof an initiallycurvedbar uncle??
axialtensionloads. For the bar as illustratedin figure1, the
initialbendiu momentis M = PY. ‘Ifthe bar is stiffand deflections

%x

the

The

smallenou@ to be neglected,the finalbendingmomentis the same.
if the bar is flexibleand the deflectionsare comparablylarge,
finalbendingmomentbecomes

M= P(y - 5)

difference
of the bar and

betweenthesetwo equationsdependEon the flexLbillty
can be considerablefor flexLblebars.

In thispapertwo expressionsfor the bending~ t distribution
are derived. The firstexpressionis obtainedby consideringthe
actionof the appliedpressureand the.finalshapeof the deflected
ring. The secondexpressionis obtainedfrom the changeof curvature
of the r-figcausedby the loads. H thesetwo expressionsare set
equal,a differential-integralequationis”obtained. The solutionof
this equationgivesthe radialdeflectionsof the ring and the beMing-
momentdistribution.Anotherformulais derivedfromwhichthe angular
displacementscan be determinedwhen the ratialdeflectionsare lnown.

The rings discussed in this paper are assumedto be underonly
internalpressure. The methodrecommendedhereincan be extendedto
any systemof externalloadsand is also applicableto ringsof my
shapealthou~ ody shapesof doublespmetry are discussedin the
presentpaper. The foUawing assumptionsare made:

(1)The ringshave regularand awoth shapesof the type
encounteredin fuselageframes.

(2)The thiclmessof the ring is smallcomparedwith its radius.
Consequentlythe followingformulacan be usedwith an extremelysmall
error. (Seereference1.)

1 ~=-~
Z-PO ~

.T. - ..-— —
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where

3

l/P~

l/Pl

Mi

EI

original curvature

fi.nalcurvatureat
is deflected.

at certainpointof

oorrespcmd3ngpoint

rtig

of ring afterring

internal bendingmomentbuiltup becauseof iieflections
of ring

bendingflexibility

(3)me r~g iS re@??tidas inextensible.

(4)The deflectionsof the ring are definedby its radial
deflectionsw and angulardisplacement#. Both w and p me

assumedto be largeenou@ to be significantbut smallwhen ccnnpared
with the radiusof the ring. Therefore,all termscan be ne ected
containingsecondor hi@er pauersor productsof w/r or. r ● Also
all termscontainingsecondor hi@er powers or productsof the

followingitemsare neglected: ‘w r, $f, ~, ~ Q%, *ere r
Z71

and i3 are the @ar coordinatesof the ring.

This work was conductedat theUniversityof Michi@n underthe
sponsorshipand with the financialassistanceof the NationalAdvisory
Committeefor Aeronautics.

a,b majorand minor axis,respectively,of ellipticalring

~~~} ~>~)~,fn, ~,~ Fouriercoefficients

k?=l-(:y

k’=:

~ applledpressureload per uuit length

~,e polar coordinatesof originalring

r@1 polarcoordinatesof deflectedring

??A radiusfrom originto pointA on originalring

s arc lengthalongcircuderenceof ring

-— ——. .. —. .—. —. -—



4 lWCA TN ~[0. 1692

t nomllmensional

t’ nondlhllensional

parameter (~lqa~

parameter (mlm~

u,v displacementsof a pointon ring paralhl to x- and y-axis,
respectively

w radialdeflectionof ring

% Fouriercoefficientfor radial-defI.ectionfunction

EI bendingflegibilityof ring

F@2#3 certainfunctions

H

HA

J

Jl

L

M

%

MA

%

Mi

%

%

R

s

heightabovex-axisof strai@t-13neportionof ringsof
familyII

tial stressat petitA on ring

~olarmomentof inertiaof equivalentring of elasticweight
referredto originalring

polarmomentof inertiaof equivalentring of elasticweight
referredto deflectedring

certainconstants

benddngmoment

bend3ngmomentin rhg if changeof geconstricshapeof ring
is neglected

ben&Ingnmmentat pointA on ring

bending—moment expressionderivedfra considerationof
appliedpressureloadand finalshapeof deflectedring

bendingpuxnent expression
internalstressdue to

bendingmomentin ring at

certainconstants

radiusof circular

area of equivalent
originalring

arc of

derivedfrom considerationof
changeof curvatureof ring

petitdefinedby f3

rhgs of

ring of’elastic

familyII

wei@t referredto

— —-,-,.-
. .- — ., ---
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‘1
area of equivalentring of elasticwei*t refened to

deflectedring

a angleof rotationof crosssectionof ring

Po radiusof curvatureat a pointon originalring

P1 ratiusof curvatureat pointon deflectedring corresponding
to PO

$ an@ar displacement

THEORETICALANALXEIG3

Ih the folluwinganalysistwo expressionsfor the bending—mmmnt
distributionsare derived. The firsteqression is obtainedfrom
considerationof the actionof the appliedpressureload on the final
shapeof the deflectedring. The secondexpressionis obtainedfrom
considerationof the internalstressdistributiondue to changeof
curvaturecausedby loadingof the ring. Hereinafterthe bendfng
momentcorrespondingto the firstexpressionis designatedby ~

and the bendingmomsntcorrespondingto the secondexpressionis
designatedby ~. By equatingthe two expressions,a differential-

integralequationwhichrepresentsthe equilibriumconditionof the
finaldeflectedring is obtained. The solutionof this differential-
i.ntegralequationdetezmdnesthe radialdeflectionsof the ring and
the bending-momentdistribution.From the radialdeflections,the
angulardisplacementscanbe foundfrom the nonextensiontheory,which
is treatedin detailin appendixA.

Expressionfor ~

The moment ~ is the bendingmomentdeterminedfra consideration

of the applledpressureloadand the finaldeflectedpositionof the
ring. Befme the expressionfor ~ is derived,a t~ical method

whichhas been used to determinethe bendingmomentin the ringwithout
considerationof the changeof geometricalshapeof the ring is
discussed.

Let the shapeof the givenringbe definedby

r= r(e)

——...— ———.— . . —
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The ring is assumedto be symmetrical
y-axes. This simplificationdoesnot
which canbe used for any shape. The
on the rtig is designatedby q. .

NACA TN ~0 . 1692

with respectto both the x- and
affectthe validityof the method,
intensityof the internalpressure

An imaginarycut is assumedat pointA (seefig.2) and two
unlmowns HA and ~ are introduced,where HA is the axialforce

at A (positiveif in tension)and MA is the bending

if the outsidefiber is underccqmession). There is
shearat pointA becauseof synnnetry.(Seereference
is now staticallydetermined.

The bendingnwent at any pointC,
figure2, can be e~ressed as

%=%- HA(rA -r@

Wbstitutingthe eqssion

definedby e,

SiR e) + 92

~2 = rA2 + re2 - %?Are

intothe foregoingequation,thereresults

sin e

1moment(positive

no transverse
2.) The ring

as shownin

~= A+ Rresine+Cre2 (1)

where

A= MA- HArA + ~A2

B= HA-~rA

.1

(2)

c
.~

z

The terms A, B, and C of equatim (2)are independentof e.

.

.

. . . . ... . . —--. — --
. ..”.
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The angleof rotation a of
displacementu of pointC,
equations:

7

the crosssectionat C and the horizontal
both relativeto pointA, are givenby the

(jA

%= 1c%(A ~rA )
-resineds

(3)

(4)

Here C can be any pointon the ring. IX A‘ ~denotesthe otherend
of the rtig at the cut, equations(3)and (4) shouldalsohold at
~int At; and sincethere is no rotationnor horizontaldisplacement
at the cut,the follbwtngrelationsare true:

UA t

The substitutionof
the followingequations:

GA? = $~as=o
El

{(%= ,=‘A )
-resineds

J%%=- —Slneas=o
EI

(5) “

(6)

equation(1) into equations(5) and (6) yields

(7)

. . . ..- ..— —. —.
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L/resin Gd8

{

re2 sin2eda

{

re3 sinf3*
A

EI
+B

EI
+C

EI ‘0
(8)

Beoauseof the Poperty of doublesymnetq,

Therefore

B=O

Or, with the followingdesignation,

{

re2a13
J= —

EI

s

!

*=
EI

it followsthat

A ‘c=-—
s

B=O

(9)

(lo)

(U)

(12)

.

—..—- . . --- -,~-- . .
...’..



After substitutingequation(12)film equation(1),the expression
for the bendingmomentbecmes

Mg = C(ep -:)

()~r2-J
’26s (13)

The expressionsfor J and S can be easilymemorizedbecausethey
are equivalentto the polarmomentof inertiaand area of the
correspondingring of elasticwei@t, respectively.(SeeappendixB
for more detaih.)

It shouldbe noticedthat the bendingmomentgivenby eqpation(13)
is a functionof r. Any changeof shapeof the ring changesthe values
of r and consequentlythe bendingmomentalso is different.All .
papersin the pasthave neglectedthis changeand have cald.ed~,

givenby equation(13),the finalbenddng-momentdistribution.It is
shownlaterin the examplesthat the erroris considerablefor flexible
rings. The derivationof equation(13),however,leadsto the
establishmentof the expressionfor K, which is basedm the ftil

deflectedshape of the ring ratherthan the originalshape.

The finalpositionof the deflectedrtig is definedby rl = rl(e).

Becauseof the assumptionthat the ring
words,as = Constant,thereimmediately
the folluwingexpressionfor K which

deflectedring:

is inextensible,or h other
followsfrom equation(13)
is referredto the final

where

}

(14)

(U)

..—— . . ..— -—- -..
,,.
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Equation(14) givesthe expressionfor the bending-manentdistribution
from cons~derationof the appliedpressureload and referredto the
final deflectedpositionof the ring.

If the shapeof the finaldeflectedpositionof the ring is
Isnown,the kl&lIlg-nu&entdistributioncan be obtainedimmediately
from equation(lk). The pnblem now is to f~ a methodfor deter-
- the f- ~f~cted Positim of the ring,which,h turn,
dSpelld.13on the bending-mmsnt distrlbutiau.

E~ession for ~

The mament ~ is the bemklngmcuuentbuiltup frm the fiber
stressesresultingfrom the changesof curvatureof the ringwhen it
is deflected. To set w the relationshipexistingbetwea the bending
moment Mi and the deflectionsis ratherdifficult,especiallywhen
deflectionsh both directions(two-dimeIIEional)are to be considered.
Timoshenlmpresentsthe derivationof a differentialequqtionthat
givesthe relationshipbetweenthe radialdeflections
bendingmoment. (Seereference3.) The differential

&w+w_%ir2
dg2 EI

where w is the radialdeflectionof the ring. This
on circularringsand can be used onlyfor rln~ that

id the internal
equationis

equationis based
are nearly

circular● In the followingparagraphs,a differentialequation-is
derivedwhich is more generalthan the one givenby TinmshenkKI.

Referringto figure3, let the orighal shapeof the ring be
definedby r = r(e). An arbitrarypointA, afterloadlng,experiences
an angularrotation @ and a radialdeflection w = BD. Its new
positionis completelydefinedby # and w, both of whichare
functirmsof e. The deflectedshapeof the ring is then represented
by the equation

rl = 8(Q (16)

where

rl = r+w

91 = e+fl 1 (17)

.-: .---,. ..— -
. . . .. . ,
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Fmm the oalculus,
givenby .

the originalcurvatureof the rtig at pointA is

l-l

(18)

and the mnmature of the deflsctedring

is givenby

Cl at correspondingpointD

Sime

%
% air *(r+w)

.q=-q= -$(0 + @)

de

r’ +w’
m

(19)

(20)

(21)

where r‘, w‘, and so forthind.ioatederivativeswith respectto e,
equation(19)beoomes

. . . —-—.— . .——
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From the assmqtion that the ring is tiextensible,thereexist
certainrelationshipsbetweenthe angulardisplacements# and the
radialdeflectionsw. Theserelationships,as given in equations(23)
and (24), are derivedfrcm the nonextensiontheory. (SeeappendixA.)

,

The foregoingrelations,when appliedto cirmlar ringsfor
whichr= Constant and r‘ = O, become

$’ =-:

$“=-$ }

(23)

(24)

(25)

which are the equationsgivenby Timoshenlm(seereference3, p. 208)
for inextensiblecircularrings.

—— .- ... ---- .—. ——— —.. —-— .—...-. -— .._. —- ——. .-
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Substitutingequations(23)and (24)
simpli~ing (seeappendixC for details),
obtatied:

--

into equation
the following

(22) and
equationis

1
1
_ -:+ 2(zYI-h+(+)!1(:+=)~= ‘F+(973’2

NOW, from equation(18),

2

1
1-

()
<+2<
r—=

‘o
, p ;/2

[ O]
rl+>

Therefore

w + w“=-

r2~~-

But as alreadymentioned(assumption(2) of the RWRODUCTIOI?)the
fold.uwingequationis true:

11 Mi

PI —=-n
—-PO

(2’7)

.. . .. . .-. .—— —



14

Therefore

This
at a

* NACA TN HO. 1692

(28)

equatione~esses the relationshipbetweenthe bendingmoment
certainpointon the ring and the radialdeflectionof.me ring

at the sam petit.
—

Equation(28) is validnot milyfor ringsbut can be appliedto
any curvedbars providedthat the contourof the bar is regularand
smooth,the deflectionsare not too large,and the bar is inextensible.
Two extremecasesare givenin the folhwing paragraphsfor
illustratim.

First,for circularrings,r is constantand r‘ = O.
Equation(28)reducesto

which is exactlythe formulagivenby Timoshenlm.

Next, considera strai~t beam. Let the originbe chosenat
infinityso that r== andr’ = O at all pointson the beam.
Equation(28) can be simplifiedas

For the x,y-coordinatesystemused h beam deflection,w = y,
rd6=dx. (S68fig. 4.) Thus the

whichis the fsmiliarstraight-been

fore~tig equationbec&es

%
‘E

formula●

.

. .- . . .. ... ..—-— .
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Differential-IntegralEquation

Equation(14)givesthe expressionfor ~ which is d.ete?.mined

by consideringthe appliedpressureload and the finaldeflected
positionof the ring. Equation(28) gives the e~ression for Mi.

It is detemdned by consideringthe changeof curvatureof the ring
resultingfromthe-loading. At the final
ring,thesetwo be-g moments ~ and

petiton the ring;that is,

%=%

Therefore,

(1~2-w“+w=--r
2EI 1

deflectedpositionof the
~ shouldbe equalat every

(29)

h tkis equation,rl and J1 are referredto the finaldeflected

position. (Seeequation(14).)

From equation (17),

rl =r+w
1

r12
=(r+w)2= r2~+2:+(:H J “ (30)

Therefore

(31)

Remeniberingthe assumptionthat any term containinga puwer
of w/r higherthan seccmd.can be neglected,equations(30)and (31)
become ~

r12 =r2+2rw (32)

——.——. — -— .-
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.

=J+

Puttingtheseexpressionsinto equation

(33)

(29)yields

Transferringall termscontatig w to one side of the equationgives

,

.

(35)

This is the finaldifferential-integralequationwith the radial
defleotion w as the onlyvariable-in the equation. The solutionof
this differentialequatianand a tithedto make it more ~actioal for
app~cations is discussedh the followingsection.

Solutionof Differential-integralEquation

The solutionof the foregoingdifferential-integral.equationoan
be made by the followingsteps:

(a)All the knownfuaotionsand unlmownfunctionsare expanded
intoFourierseries,with knownand unhewn Fouriercoefficients.

.-. . . . ---- ----- ---—--—- .---— .— -- --
. . . . ..
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(b)By CO?E&WiILg

equation,a systm of

(c)The solution
Fouriercoefficients.

17

theFouriercoefficientsof both sidesof the
simultaneousequationsis obtained.

of the simultaneousequationsgivesthe unknown

In carryingout thesesteps,rewriteequation(35), using the
followingrelationshipfrom the elementarycalculus:

ds

Equation(35)ti-enbecomes

[ y“;2r3 1+ ~W“.+w- qw—
EI r

r[m],2
1 +..* de (36)

. .

(37)

.

In equation(37),let Fl, F2, and F3 standfor the folJ.O@mg

functions:

(38)

. —.————
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The functions Fb F2, and )?3 are knownfor my givenring. The

equationbecumes .

(39)

Since Fl, I?2,and F3 are knownfunctions,they can be eqanded

intoFourierserieswith bum coefficients.Therefore,

F1 = x an 00S I@

n=0,2,4... 1
(40)

l?~= x ~cosne
n==,2,4... J

where ~, ~, and ~ are knownFouriercoefficients.I!’ordouble

synunetq,the caseunderstudyherein,n is alwaysan evennumber.

Now let w be representedby a Fourierserieswith unlmown
coefficients:

(41)w= )_ Amcos@
m=0,2,4...

where ~’s are to be determined.Fran the fact that the ring is

double-symetiicaland the externalload systemis also double-
symmetrical,the radialdeflectionw also is a double-symmetrical
function. ThereforeW m‘s are evennunibers.

. . ..---—. .
.
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Differentiatingequation(41)twicegives

m=0,2,4...

Therefore,

w“+w=ti~ (l-ln~A. cosl?lB
> 9 ““”

19

(42)

(43)

The substitutionof theserelatims tito eqyation(37)yields

+: E %-~ jz- ~cos 3M r ~cosne de
n=0,2,4... -0,2,4. ● . n=0,2,4...

~ ( z“‘2 -,2,4...
~cosns-z s%=$=,2, ● =. )

~ Cosne (44)

b orderto facild.tatethe camparism of the coefficientson both
sides,equation(44)is simplified.I?irst,considertermsinvolving
the integralsign h equation(M) as follows:

= *,3...+=rCosd ~o,g... % Cos* M
= 2A@OYf+

.2%.. -
(45)

._—.__. _——. —..— —— .—-- ----- --—-.-—,.
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and equation(44)becomes

m=0,2,4...

.

+: x (~ Cos@ 2*SO + r
n=0,2,4... &2,4...

~=-
2 (z

~cosne-~ 1 an
n==,2, ● ● ● n==,2,4... )Cos& (46)

term of the equationThe secmd step is to shpllfy the second
which containsthe nniLti@icationof twoFourierseries. By actually
carryingout the multiplication,

E I)nCosI@ ~ ~cosn@
n=0,2,4... ti,2,4...

=~+$cos2e+d4cos

= ~ ~cosm9
m=0,2,4...

48 +...

—. --.-— --..*.,. .

(47)

-.
.
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where

aQ=+~+~
z

k%
IA=*,2,● ● ●

% = *(%~2 + %J’o) + * x (.%%+2 + %+2%)
n=0,2,4...

($I ) 2 X @ubn+4 + %+4%)1 b4 + %b2 + A4b0 + 2 ~~,2,4a . ●d4=Z

. . . . . . ., .*... . . . . . . . .* .**.* ● ✌✌

)%=*(%%+%%++””*+%+%+%bo

and equation(46) then beoomes

21

(48)

(49)

—-—.— ——
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or
.

(k~~)costi (50)

beenreducedto a more usableform in equation(50).

Now theFouriercoefficientson both sidesof equation(50)can
be compared.

For m = O,

For m = 2,

For m = k,
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(51)

As many simultaneousequationsas wantedcan be formed. The”solution
of m simultaneousequationsgives m unknowns,~, ~, ~ . . . ~

fi actualcases,as shownin the exsmplesin appendixE, threeor
four s@iltaneousequations,which giveth&eeor four ~ terms,are

sufficientlyaccuratefor ordinaryrin~. The followingsystemis the

.-. ——- _
.,
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systemof four shnultaneousequationswhioh givefourFourier
coefficients,~, ~, A4, and A6. The follming equationsare

obtainedfrom equations(51) and. (48) after collectingthe terms:

%(1 - @o + +’0’0) + %(32 + “h%) + A4(-*4 + ‘*o’k)

.

%(W.2 + 2+%) + +(-3 - @o - :b4 + *)

=:(%-g’)

.

23

(52)

.
—.-. . . ..— — .— -.. .-—.
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With & determined,the radialdeflectionscan be obtainedfrom
equation(41)end the bending-momentdistributions,from equation(14). -
The angulardisplacements@ can be determinedby equationsfrom the
nonextensiontheory(appendixA).

AngularDisplacements

When the ratialdeflectionsw are knuwn,the an@Lar displace-
ments @ can be foundfrom the followingequation,obtatiedfrom the
nonextensiontheory(appendixA).

(53)

The integrationof equation(53)givesthe angulardisplacements#.

(54)

Before
cients ~

evaluatingthe foregoingintegration,theFouriercoeffi-
for the function l/r must be detemined:

.

Since’llr

1—=
r 2 ~ Cos m

n=0,2,4...
(55)

is also a double-symmetricalfunction,the n‘s are even
numbers&ly. Therefore, -

w-= x & Cosme
r z On COS W

m=0,2,4... rIa,2,4...

= Z“ fn cos ne
n==,2,4...

(56)

-.. _ — - —. .——----- ---- . . . . . . . ....—__ .
.-. .
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where

and

‘h= *(%%++2%+ %x)+# J~>k (%en+4 + %+4%J
> ) ““”

● ...*.* ● *..*.* . . . . . . . .*, .*.. .*

s foe + z
f
:Sinne

L-2,4...

It iS d50 known that

and

=- E
n=0,2,4...

* Cosne

(58)

(59)

(a)

-.. -——-— —.. .- —- ..—
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where

NACATN NO. 16$)2

.

!l!herefore,

— L1

=2,4. ..

Substitutingeqpations(58)and.(62)tito equation
followingform for @ is obtained:

(62)

(54), tie

[

.-(ji-~e+ ‘n~%shne +cx
L-2,4... 1

where C is the constsntof titegration.

(63)
.

.

-.
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The presentboundaryconditionsrequirethat:

(l)at (3=0, @=O

and(2)at e=”;, $LO
}

I?orcon&Ltion(l),equation

@(o) =

.

For condition(2),equation

(63) beccmms

o =0+ > (0)+c
n=2,4...

co=

(63) beccnnes

@=o=@o-%):-&; (o)
9 ● . . .

f’o-%=o

~d equation(63)becomes

T
fn-q

$ =- —Sinne
n

L-2, ● ● ●

which is the f-l form for the angulardisplacement$.

2’7

(64)

.—,—
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The fact that fo - q must be zero givesa good checkon the

valuef30f Ao, A12,A.6. . . ● This conditionshouldalwaysbe

satisfied.A proofthatthis condition f. - ~ = O is always

satisfiedautomaticalQis givenas follows: From equation(5),

! *as=o

whereasfram equation(28)

Thereforej

as

do r
Since

1-=
r L ~cosne

n=o,2,4...

therefore

w + w“
r

= x hn COS ~

n=0,2,4...

— ——__ ..._ _____

(66)

-. . --——— .. . -- .-— .
..
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where

%= @o+ z ;6-”2)%&l
M,4. . .

}

29

(67)

%2=””” J

Substitutinginto equation(66)gives

or

comparing equations(57),(61),end (67), it can be seemthat

~=fo-~=o

Thus f. - ~ = O is a conditionwhichmust be satisfied.automatical.ly.

Sumary of Procedure

In the foregoingsections,therehas bean developedan anal@ic
nmthodof findingthe bending-mcmwntdistributionin double-symmetrical
_ of arbitraryshapes,acteduponby internalpressureloads. The
ringmust have a regularand smoothmntour, with its thiclmess
negligiblecomparedto the raMms. For such ringsthe proceduresto
solvethisproblemcanbe sumarized in the fol.bdng steps:

-. .—
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(1) DeterminetheFouriercoefficientsof the followingglvm
functions: .

(68)

If the contoti of the ring is expressedanal@icallyin Sml.e funotions,
the Fouriercoefficientscan be obtainedby the usualmethodof
integration.Otherwise,the coefficientsmust be obtainedby graphioal
integration,whioh is explainedin appendixD.

(2)

(3)
obtdned

Performthe followingintegrations:

de

Calculatethe folluwi.ngconstantsby substitutingthe results
from steps(1) =a (2):

%0=

%2=

%4=

-% ++%

b2
-~ + *%

b4
-F + &a4

b6
%6=-~++%

..“ —.



5A I?ACATN No. 16$X2 m

(69)

. .

...—— .— .— -----
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(4)Substitutethe fore@ng
systamof shml.taneousequations:

IiAOA~ NO.

constanttermsintothe following

1692

.

(70)

(5) For a @ven w-awe load % the foregoingsimultaneous
equationscan be solvedfor ~, ~, A4, and A6.

(6) The radialdeflectionsw

w= Ao+~cos2e+

are givenby the followbg equation:

A4cos48+A6cos& (71)

(7) ~ or~r to f~d tie ~ tispl-acmnts,theFourier
coefficient en of the folhwing functionsshouldbe firstdetermined:

1-=
~

~ Cos I@ (72)r na,2, ...

Then Vd.lSS of &

equationto see if

fo

and~are

the condition

-q).Ao~+

mibstitutedintothe foIbwing
fo-~. O is satisfied.

# X [1 - ‘~%en
n=2,4...

(73)

.,
. .- ----- --- -,. . .--— ---- .—



f6 = ;&e6 + %e4 + ‘4%2 + %’%)

&=* T- n(n + 2)(jen~ + %2%.)
L-2, ...

~=$
T

)-%2n(n + 4)(~en~ + ~+4en
n=2, ● **

g6 = & ~ n(n + 6)(~en4 + ~~en) - 4@4 + ‘4e2)
n=2,4...

(9) me angular
followingequation:.

- (74)

displacements@ oan be obtainedfrom the

x fn-q
9f=- —sin I@

n=2,4... n
(75)

.. —.——
,“
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(lo)The momentdistributionM is givenby the folltig
eg.uatlon:

“ ‘=:6’-a

From the fore@ng proceduresit can be seenthat the main part of
the solutionof the problemis the determinationof the Fouriercoeffi-
cientsof severalknownfunctions.The rest of the proceduresare simply
algebraic. On the average,it takes”20 hoursto solvecompletelya
problem.

Reparation of Charts

Followingthe foregoingprocedures,solutionshave been obtahed
for two specificfamiliesof rings. The firstfamilyconsistsof
ellipticalrings (fig.5(a)) with variouseccentricities.The second
familyconsistsof ringsformedby two sanicirclesand two strti@t
lines. (Seefig. 5(b).) The ratioof the ratiusof the semicircle
to the hei@t of the straight-lineportionis variable. All ringsare
assumedto be of constant EI.

Chartsand tablesare providedfor both famildesof rings. The
Fouriercoefficients~, ~, ~, and en are givenh tables1 and 2

and are alsoplottedin figures6 to 13. Sinceboth familiesof
ringsare of constant EI, theFouriercoefficientsare obtainedin
terms of EI and the dimensionsof the rings.

Values of J and S are givenin table3 and alsoplotted
m figures14 and 15. When thesevaluesare substitutedinto
equation(70) the s~taneous equationsare obtatned.For a given
value of q and EI, the simultaneousequationscan be solvedfor Ao,
~,A~,~o*** Figures16 to 21 givethe valuesof ~ for

v&ious ratiosof q@.

.
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timing ~, w, #, and M are obtained from equations
and (76), respective~. The resultsare plottedin figures

Two exnmplesare givenin appendixE to illustratethe

35

,(71), (75),
22 to 42.

foregotig
proceduresin detail.

Test Spechens

Two steelringswere tested,one ellipticaland
up of two semicircles~otnedby two stzaight13nes.

TestApparatusand kwcedures

the othermade
(Seefig. 5.)

l?igures43 and 44 showthe test setup. The ringwas testedin a
horizontalplane. Its circumferencewas dividedintoa numberof
se-ts with equalarc lengths. Wires, loadedequally,were attached
to thesepoints. Each wire was led througha pulley,connectedto a
fixedhorizontalrtig in sucha mannerthat the pull on the test ring
was normal& outwardat eachpoint. (Seefig. 45.) The concentrated
loadswere sufficientlycloseso that they couldbe assumedas
simulatingpressure.

In order,to registerthe deflectionsof the ring,a woodenhoard
was placedon top of the ring. The contourof the ringwas tracedon
the board,withmarks denotingthe divisionpoints,beforeand after
the ringwas loaded,as shownh figure46. The radialand angular
displacementscan be measureddirectlyon the board=

Bendingmomentswere foundby electricalstrain-gagereadings at
threepointson the ring. (Seefig. 47.) The valueof the effectiveEI
usedwas determinedfrcmtmn~ testson a specimencut from the ring.

It mightbe mentionedthatthe testwas at ftisttriedwith the
aid of a pressurebag. The ringwas laid aroundthe bag whichwas
blownup with compressedair. Specialdeviceswere used to ad~ustthe
pressurebetweenthe bag and ring so that the ringwouldbe uniformly
loaded. The testwas unsuccessful,however,sinceitjwas foundthat
uniformloaddngcouldbe obtainedonlythroughlcmg and tediouswork.
(Seefig. 48.)

. ..

.— .--—-——-—— .. —-
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Test Resultsand Discussion

The test resultsare plottedh figures49 to 54, togetherwith
curvesobtainedby the methoddevelopedin this paper. The agreement
betweentest data end calculatedresultsis good.

In figures51 and 54 wherebending-momentdistributionsalongthe
circumferencesof the ringsare given,an additionalcurveis shownin
eachfigure. These addedcurvesrepresentthe bendingmcment distri-
butionwhen changesof geometricshapesof the rings causedby loading
are neglected. The synibol~ is used to designatethe bendingmcnnOnt

calculatedwithoutconsidertigthe deflectionsof
of MO can be foundfrom the follwing equation:

)
~=;(#-g

the ring. The value

It can be seenfromfigures51 and 54 that the bending Inament
obtainedwithoutconsideringthe changeof geometricshapeis too
mnsemative. At the pointof mxchnumbendingmomentthe difference
is quitelarge.

l?roman analyticalmethodderivedfor the deterndnationof ben&Lng-
momentdistributionand ratialand angulardisplacaentsof flexibls
ringsof arbitraryshapeunderinternalpressureload,with the change
of geometricshapescausedby the loadbeing considered,the following
conclusionscan be made:

1. Resultsobtainedby the presentmethodshowedgoodagreement
with test titsand provedthat resultsobtainedwhen changeof geometric
shapewas not consideredare inadequatefor fletiblerings.

2. Althou@ onlyringswith doublesymmetryunderinternalpressure
loadsare discussedin the presentwork,the methodcan be extendedto
includeringsof my shapeunderany systemof externalloads.

Universityof Michigan
Ann Arbor,Mich.,October17, 1946

.

.
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APPENDIXA

NONEXTENSION‘131EORY

The deflectionsof a loadedring can be completelydefinedby the
ratialdeflectionsw and angulardisplacements@, both of whichare
functionsof (3. (Seefig. 3.) The deflectionsw and @ are
independentof each otherif thereare no additionalconditionsh-posed
on the ring. They are deftiitelyrelated,however,if the ring is
assumedto be inextensible.The nonextensiontheorygivesthe relation
between w and @ for suchrings.

Timoshenlm(reference3, p. 208)has giventhe relationbetween
the radialdeflectionsw and the tangentialdeflectionsv (which
correspondto angulardisplacements@ in the presentcase)for
circularringsas follows:

For circularringsthis

Iiv+w=o
ae

can be writtenas

Z@. +w. o

where

This relation,however,
shapes. A relationship
can be applledto rtige
stepsas follcnm.

Givena small

(Al)

(A2)

is not quiteaccuratefor ringsof noncircular
between w and @ which is more generaland
of any shapeis derivedby means of several

Arc Lengthb PolarCoordinates

element AB = de onanarc C.

OA =r

OB .r+dr

... -—-—. —— —.-
. . .,.
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With O as the center.OA
OB at D. !&en

NACA T.l?l’?O. 1692

as the radius,swinga circulararc which

OD=OA=r

BD=*

and

will cut

wherethe

when
and point

—
iii = (Mm = V(AD)Z + (13D)z

‘v===
=rdO (M)

primemeans derivativewith respectto El. .

Increaseof Arc LengthDue to AngulerDisplacements

petitA (fig.55) is allowedan angulardisplacement@
B an angulardisplacement# + @, with no radialdeflections,

the new positionof the element A13 %ecombtiEF. Sincethereis no -
changeof radius,

OE =OA=r

CO?=OB =r+dr

andthelengb ho fthearc EF is

iii = (a.s)m = ~r2(W + @)2+ (dr)2

... .

,. . .
... .
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The increaseof arc lengthdue to the angulardisplacementis (@)@

where

Increase of h“c kngth Due to RadialDeflections

, The elementof arc El? is now dhwed
PointE movesradiallyto G and l?,to H.

The arc lengthof GH

GE=w

FH=w+dw

is then

to have radialdeflections.
(Seefig. 56.)

V(W + r)(~ + I@’ + (dw + dr)2 .

v ()(r+w)W (1+ #’)2+ “+W’*
r+w

(A6)

and the ticreaseof lengthof the arc due to radialdeflecticmsalone
iS (m3)w *ere

“.

.

.

(A7)

.——.-—- . . —.—
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Equationfor Deflectionsof an JnextensibleRing

The nonetiensiontheoryrequiresthat the totalincreaseof the
arc lengthdue to bothradialdeflectionsand angulardisplacements
shouldbe zero. In otherwords,

From equations

(r +

or

~=rv” ‘“)(r+w) (l+@ ’)2*

.
Squaringboth sid.ssand d.ividhgby r2 yields

2

( )[
1+: (1+$0)2+ (~’-~= .+($’

()
1+:2(1+ @’)2+

($+$7=1+($)2

~+:7(l+@,,2= l-25; -(+)2

or

or

—.— .. —-. . . —. . --- .
,. . .
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or

41

(A9)

Equation(A9)givesthe relationbetweenthe angulardisplacementsand
the radialdeflectionsfor an inextensiblering. Equation(A9)is
very generaland can be used for ringsof any shape.

Emu@ifications

Equation(A9)can be greatlysimplifiedfor rings,the
deflectionsw and # of whichare not very largewhen compared

‘<<1 and @<<l.with the radiusof the rtig. 12notherwords,-

Also, it must be assmed that +<<1 ma @: <<l. Then any term

of powerhigherthentwo or productsof the foregotigitemscan be
neglected.Equation(A9)becomes

or
.

l+2@’+2x. l-2dd
r rr

or

Differentiateequation(AU)) once as follow:

(Ale)

(All)

Equations(AIO)and (All)are the relationshipbetween j?!and w for
inextensiblerings.

..—_— -— ———— —-—-—-—
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For circulkrringsfor which r = Constant and r‘ = 0,
equations(AIO) and (Ml) reduceto

which are exactlythe relationsgivenby Timoshenlmh referauce3.

. . -..
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EQ~AIINT RINGS(M’EIASTICWEIGEI!

The term “elasticwe@ht’’has been usedbyhlohr(reference4).
It is designatedby “dW”and is definedas

dw=g (Bl)

The equivalentring of elasticweightis then definedas the ?xbw.
the medianof whichhas a shagewhichii exact& the sameas the shap~
of the originalring,but the thickness tl of

is l/EI,where EI is the bendingflexibility

The cross-sectimalarea of the equivalent

the equivalentring-

of the originalring..

rhg then is

and thepolarmomentof inefiiaof the equivalentring is

(E?)

When eqpations(B2)and (B3)are,comparedwith equation(11),it is
seenthat

s =A

J= I

of the equivalentring of elasticwei@rt.

.

— . . -.— —— —. —....—
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The detailaof deritig equation(27)are as followe. Startwith
equation(22),where

[ o+,l,3’g+@+)2

(r+w)2-(r+w) “’+w” - “+W’

1 (1 + #’)2—=

. Er+w)2+t*)13’2

1+

d

containingsecondor hi~er powerorBy neglectinga12 terme
productsof the deflectionitem and usingthe binomialtheorem,“
the follcndngrelationeare obtained:

(cl)

.

—.— ----- —_— ..— —— —-.
.-, . .
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(.?#=(!$--”’(%y
!4

3
●

Ii

Substitutlauor equation(C2)intoequatkm (Cl)yields
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The foregoingequation
and (All)=equations(A16)

Numerator r=1-;+

[

w r“
r2Y -

-—

oan be furthersimplified
The numeratorof equation

NACA TN ~0 . 16z

by using
(C2)becmes

r’ w“—-—
r r

2

()
+wr’ +~
rr r

r’ r’ r“-—-— —
rrr

.2&$l - q-.)a

and the denominatorbecomes

Therefore

.

--—
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or

‘F+(+)!I’”=
PI ( )( )Numerator1-3~- . . . l-3ti Zl -.. .

r rr

47-

But fram equation(18)

2

$=+

r“+2=-—
r

,2;2
rl+>

or

Therefore

or

or

11 w + w“
~-~=-

r2JT@

(c6)

— .——
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APPENDIXD

GRAIHICALMETHODTO ~

COEFFICIENTS~j bnj cn>

For rings,the contoursof which cannot
- simplefunctions,the fol.lowingprocedure
quickevaluationof theFouriercoefficients

the followingfunctions:

,1=2?/” \
=2-
n=0,2,4..o

THE FOURIER

~%

be expressedanalytically
is a graphicalmethodfor
%3 %9 % and % of

~ Cos ne

= z %’=s~
n===,2,4...

—
1—= 2- ~ Cos I@
r m0,2,4...

Table 4 is filledin first. Then rows 7 to
againstthe arc length s, and ruws 19 to 22 are
Let E7> ‘8> ● ● ● E22 representthe area under

curves. The Fouriercoefficientsere

%=% b. 3
=—

U 3co = 15

a2=&8 b2 = $~ 02 = 4$16

ta4 =--9 %b4 =--13 c~ = +17

,6= $ZD b6 = $14 C6 . *M

18 are plotted
plottedagainst e.
the corresponding

-. .-. . .——. .. —.—. .— .. ——— .-—- --—. .--— --- —..,.
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AEPEMDIXE

Two examples
thefinal-results

are givenh this appendix.
is alsopresentedat the end

A methodof checking
of this appendix.

Example1

Givenan elllptical_ringwith the followingdata (seefig. 5(a)):
a= 30, b =~.l.l, EI= 81,000,and q= 10.

With the coordinatesystemshuwnin figure
the ellipsecan be eqnwssed eitherby

5(a),the equationof

or by

where .

r. bjl - l!?sin2e

r=a-

()IF.1J22
a

The generalproceduresgivenunderSummary
followed.

(1)In

and Cn of

(El) .

(E2)

(E3)

of Procedureare

orderto determinetheFouriercoefficients%J bn>
the followingfunctions

.. —..— — . . . . .
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the foXluwingformlas can be used:

where
,

~.1 ifn. o “

80n = 0 if n+O

Performingthe integrationgives

% %%)= o ●8433 z

?2= ()
-0.15059 g .

a4
0

= 0.00689g

b. . ()o .~ao g

lq = ()-0.20669 ~

b4
()

= 0.01703 ~

~-. ..
.,
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(2) lh orderto

4)~4
co = 0.71

T

C*
()

= -0.25300 #

()

4

‘4 = 0.0281 &

evaluate J and S the followingintegration
shouldbe perfozmed:

Substitutingin theseeqpationsgives

()3J = 4.87580 ~

()S = 5.78147 &

Therefore

J- = O.84335a2s

.—. — ..—. .—
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(3) men tie ~lues of an) ~@ c~> J, and S are mibstituted

into equation(69),the follmcingoonstantsare obtained:

k?)Qo = 0.00280ak

()
~ = -0.06300#

Q4 =
()

0.01118g

.- .....- . .

.
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(4) When these
followingequations

~(t -0 .00306)+

constantsare
are obtained:

%(0 .03433) +

%(o .06867) + ~(-3t -0 .77221)

53
..

substitutedintoequation(70),the

A4(-O.00536)= O .002&)a

+ %(0 •~278) = -O“06300a

A@.0m67) + ~(o .I.0278) + A@5t + 0J0338) = 0.011L8a
.

where

(El)

The parameter
of the ring.

t EI=—
qa3

t is nond3mensionaland is a measureof the flexibility
JR the presentexample t = O.3.

(5) SOIWJW the preceding simultaneous equationsgives

~ .0 .00x3a

+ = o.03778a

A4 = -O.00167a

(6) The radial deflection w is than given by the following
equation:

w=&+ ~cos2e+A4cos18 .

= (O.00503+ 0.03778COS

The valuesof w/a for variousvalues
table5 and alsoplotted.in figure24.

26 - 0.00167COS @)a (E5)

of the angle G are givetih

._— -— —-— ,,



(7) The Fouriercoefficient~ can be obtdned from the

followlngfommlh : .

.

Perfomdng the integrationgives

eo=J@2Z9
a

e2 . ,~
a

ek _ -0.00217
a

Substituthg & ~a en into eqpation(73)gives

.fo - m = %00 - 1“5%02 - 7“~4e4 = ‘“owol = 0

Thereforethe resultsare oheclmd.

(8) The coefficients fn and ~ areobtainedfrom equatim (74)
as f oti:

f~ = 0.04188

fk = -0.00001

%= -0.00100

Q= -0.00737

.
.

. .. —— - . . . --,.. .,.
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.
(9) The angular dis@acament # is, therefore, “

.
.

Values of # are given in table 6 and are

(10) )?tilly equatim (76) is used to
momentdistribution.

also plotted.h figure

calculatethe bending-

Since

(E6)

31.
:

and the bending-momentdistributionif the changeof geometricshape
of ring is neglectedis

the

or

bending-mament

Valuesof ~ /qa2

=3r2-~
% 2( s)

distributionM canbe expressedas

M = ~ + qrw- 0.00151qa2

M % ,rw-o W151—=—
(
.— .

qa2 qa2 a a )

55 “

and M /qa2 are givenin table7; M/qa2 is also

on)

plottedin figure38. The last term of equation (E7) is evidently the
correction needed when the ohange of geometric shape is considered. In
this particular case the correction term amounts to about 37 percent at
the point of maximumbendingmrnnent●

. . ..— — .—— —. .—— —-
;
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Example2

Given a ring as shuwnti figure5(b),with the folltig data:
R=15>H=9>~=~>-~=~>375”

With the coordinatesystemaa shownin figure5(b),the equations
for the ring out- are

where

The procedureas followedZor eqle 1 is alsoused for example2
by means of the followingsteps:

(1)The Fouriercoefficientsare

%= (JL855Q6 ~

%?= ()
0.78339 ‘~

a4 =
()

R2
-0.09307 =

b. =
()

2.55170~;

b2 =
{)

1.5756 ‘~

b4 =
()

-0.02956~

.

—.. .-,- ,..
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()= 3.58542 #co .

‘%=
()

2.83147 ‘~

C4=
()

0.1594 *

(2) The valuesof J and S are

<)J = 16.033 #

s=
()

8.6832 ~

J-=
s

1.8464R2

(3)The constantsare

%0 = {)-0.0610 #

%2 ‘=
()

-0.26192 ~

%4= ()
-O.ok76g ‘<

%20= o-0.52399 g

%?2 =
0

-2.3148 R:

()
%4 = -0.8141 #

K~ =
()

-0.0~38 $$

K@ =
()

-0.81417~
.

K~ =
()

-2.54857g
.

— .._. —.-— . ..-. ..
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Q4 =
()

0.1656 ‘~

(4) Introduce the non~miona.1

equalto 2.5 for the yreaetitexample.
equationsere obtadned:

parameter t‘ . =~ Whiohis
q R3

The following simultaneous

2.4389% -0 .2619X -0 .04769A4

-0.523944 -9.81--0.814174

\
\“ -O.0953~ -0 .81417% - ko.04857A4

(5)The solutionof the foregcxlngequations

Ao = 0.02X3R

+ = * .0716@

A4 = -O.00274R

= o .07993R

= O.6z5n

.0 .16565R

is

(6) The radial deflection w is

W = (O.02X3 - 0.07166 cos 28 -0.00274 00S ~ )R (E9)
.

values of w/R are givenin table8 end also plotted against O in
figure 28.

.

>

.

.
.

.- - . .-— . .
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.
(7) The I’ourier coefficients ~ are obtained,as

eO=-

~2=T

e~=y.

Ih order to oheckthe results,equation(73) is used.

f~ - q) = -0.00005

(8) The coefficients f= snd ~ are

f2 = -0.06173

.
fh = 0.00537

@ = -0.00672

%= -0.02698

= o

then evaluated.

3 59

>

(9) The angular displacements OZULbe e~ressed by the following
equation:

valuesof

(lo)
fOllowing

$ = 0.02751 Sinfw -0.00809 sin 49 (Eg)

# are givenin table9 and also plottedh figure35.

The bending-mcmentdistributionis then givenby the
equation:

L=!! L+H- 0.03339
@2 @2 ‘R

(EIO)

.-
<. .

. ...___
s

--- — .— -
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Values,of M/qj?2and ~ @2 are giventi table10 and alsoplotted

in figure57 for ccqsrison. The Imxlmm error
neglecting the chsnge of gecmetric shape of the

Method of Checldng

introducedby .
ring is about35 percent.

A methodof checkingthe finalbendingmoment
is @vm ● Exnmple2 is usedfor illustration.

Assumethe resultsobtainedfrcm exenqle2 to

alla displacements

be correct. Then

w. (o.02503-0.07166 cos 28-0.00274 cos 4e)R

@= o.oe~l Since -0.00809 sin 4e

J’L%+=2Lo.o1339
& ~2 RR

Using the bending-momenteqression,the deflectionsu and v,
~1 to the X- ~ Y-as, respective, can be determinedfrom
the originalshapeof the ring. The deflectedring definedby the
tisplacmnts u and v shouldagreewith the deflectedring defined
by

E

Utmd$.

The equationsfor the

—

determinationOfuanav are

Valuesof u and v, obtxdnedfrom equations(E@
givenh table11 and are alsoplottedin figure58,
deflectionsdefinedby w and #. The agreemehtis

as (K@

and (E12),
togetherwith
very good.

—.. —-. . .—.——— . ——z ----—- —---- - —.......- . . .

.,
. .
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TABLE 1.-FOURIERCQEE’J?JEUEIWS~, ~, ~, AND ~ FOR

VARIOUSVALUESOF PARAMWUR k

@uni3y I, ellipticalrin~~

F=l-(y o 0.1 0.2 o.~ 0.4

~@la~ 1.00000 0.94934 0.89722 0.84334 0.78735
“.

(/)a2 EI a2 o -0.05002 -oJO016 -0.15059 -0.20160

(/)a4EIa 2 0 0.00066 0.00282 0.00689 0.01354

~o(~la~ l*OOooo 0.92514 0●87352 0.7’7601 0.70146

b2(~la~ “o -0.07308 -o.umo --0.20669 -0.26638

b4@Ila~ o 0.00177 0.00731 0.01703 0.03151

~(EI/a~ 1.00000 0.90187 0.80749 0.71684 0.62988

q(EI/aJ o -0.09493 -0.17944 -0.25300 -0.31494

(/).4 EI ak” o 0.00313 0.01251 0.02817 0.05014

co(a) 1.00000 1.ozq’22 1.05984 1.09979 1.15a13

e2(fd o 0.02705 0●05899 0.09752 0●14519
.

e4(a) o -o●ooo18 4.00082 -0.00217 -0.00470

.
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- 2.- FOURIERCOEFFICIENTS

VARIOUSWUIJESOF

~~~ n, ringsformed

% % % ~ ~ FOR

PNMMKCER k’

by two s=@circler3—
and two strai@t llnes~

k’=: o 0.2 0.4 0.6

(1)a. EI R2 1.00000 1.26456 1.54962 1.85526

~(~/R~ o 0.19985 0 .46Q57 0.78339

(0a4 EI R2 o -0.03398 -0.06703 -0.09307

(1)b. Et R3 1000OOO 1.42356 1.93754 2.55170

(1)be EI R3 o 0.33803 0.85649 1.57561

b4(#R~ o -0.04495 -0.06725 -0.02956

(0COEIR4 1.00000 1.60789 2.45013 3“X@@

(1)C2EIR 4 0 0.50563 1.41205 2.83147

(1)C4EI R4 o -o .056Z? -0.03567 0.15947

e.(R) 1.00000 0.89756 0 ● 83083 0.78538

e2(R) o -0.07617 -OJ3812 -0.18829

e4(R) o 0.01605 0.02677 0.03070

- —.-— .——. .-— ——.- —..



!l!AHE3.-VAL0ESOF JMUDS

l?amily I

l?=l-(y’ o 0.1 0.2 0.3 0.4

J(EI@ 6.2832 5.8u?82 5.34397 4.87580 4.40741

S(@a) 6.2832 6.12P2 y.~614 5.781J+T 5*597~

-()

J~ 1amo o**933 ~*W= ~ o●84335 o●7ti37
s ~2

kt=~ o 0 ●2 0.4 0.6
R

J(XI\R3) 6.28s2 8.9452 m .1736 ).6.0s32

S(lmp) 6.28% 7.0832 7.8832 8.6832

t)

J&

S2
1.0000 1.2@8 1.* 1.8464

l!
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Ron Itm PrOoadlrm Raanlt6at -

1 e 00 100 2SJ 300 40° 50’=’ &o 700 ~“ w

1? r

3 n

4 Ooaw

5 00s42

6 00869

7 Z@ (2]/(3)

8 ‘(r@) oot3B (7)x (4)

9 (r@) ma U (7)x (5)

10 (r@I) 00E 69 (7)x (6)

11 #k (2)x (7)

= (*X) as= (U)x (4)

u (#@) we @ (u)x (5)

lb (l=@)OOB@ (U)x (6) ‘

u l’3@!z (2) x (u)

16 (r3/l!z) Ws B (15) x (4)

17 (#@) 00s @ (u) x (5) .

la (r3/Ez) 00068 (v) x (6)

lg l/r 3-/(2)
.

20 (l/r) 00s 20 (19) x (4)

21 (l/r)WE42 (v)x (5)

@ (l/r) am 68 (w) x (6 ,

23 Aro Ml&w, s

. —.———— —- —---- -—-



1 2 3 4 5 6 7

(d.g)
coo %?9 00049 0.03778 X (2) -0,00167 x (3) 0.00503 w/a

(4)+ (5)+ (6)

o 1.00000 1.coooo 0.03778 -0.00167 0.00503 0 .04U.4

10 993969 .76604 .03550 - .00E8 .005Q3 .03925

20 .76&04 .17365 .02894 -.00029 .00503 .03368

30 .50000 -.%000 .OI.889 .00084 .00503 .02476

40 .17365 -.93969 .00656 .00157 .00W3 .0KU6

w -.17365 -.93969 -.00656 .Oolx .ooy3 .00004

k -●m -mm -.01889 .00084 .007)3 -.01302

-fO -.76634 .17365 -.02894 -.Ooom .00503 -.02420

80 -.93969 .76604 -.03550 -.001S!8 .00503 -.03175

9 -1.00000 1.coooo -.03778 -.Oolq .00%3 -.03442



.

1 2 3 4 5 6 -7

(:EJ ml w sin 49 -0.02U14 x (2) -o*oo184 x (3) @ -(:;; (5) #
. .(asg)

o 0 0 0 0 0 0

10 .3k202 .64279 -.00733 - .00U.8 -.00851 -.49

20 .64279 .g8481 -.01378 -.00181 -.01559 -.89

30 .86E03 .13&03 -.01857 - .00I.59 -.02016 -1.16

40 .98481 .34202 - .021XI. -.00063 -.02174 -1.25

50 .98481 - .3hm2 - .Oz?ldl .m163 -.02048 -1.17

a .861%3 - .8&03 -.01857 .00159 - .o16g8 -“97

70 ●6@79 - .g8481 -.01378 .00I.81 - .Onn -.69

80 .3kz0Q -.6@79 -.00733 .001J8 -.00615 - ●35

m o 0 0 0 0 0



m
co

TABIX7.- EmImG-mMml! msmimmmli

,,

i.

I

1 2 3 4 5 6 7 8

2
(.)

~2 J1 %1 ~

()

Ml

; -E~
(tl:d t

~ ‘T~ a ~~ y~
e

= :(4)
aa

= (3) -0.84335 from tawl.a s = (5) + (7) -0.001.51

0 0 .83”i%6 o .’pocK1 -0.14335 -0.07168 0 .04U4 o J334M + .03877

10 .84040 .70639 - .136* -.06848 .0395 .032s -.03750

20 .65173 “7H5 - .U,790 -.05895 .03368 .o!Xg -.03177

3 .86939 .75675 -.08663 -.0433 .o&76 .o@l -.0233

40 .89394 .7W4 -.04431 -.0221.6 .01316 .0XL76 - .0M39

m .92172 .84956 .00EQ1 .003UI .oomk .00004 -.00163

1% .95038 .50322 .05987 .02994 -.01302 -.01237 .0U$06

v 47* .95226 .1o891 .05446 -.02420 - .023&? JW33

& .99365 .*25 .143!w .07195 -.03175 -.03155 .03889

9 1.00000 1 .Oomo J-%65 .07833 -.03442 -.0344.2 .04240



1

,
I

TABLE8.-RADUL nmmcmms WE ATv. vmm3cm e

[R3ndly II. Ik’ =0.6; t’ =2.5.

1 2 “3 k 5 6 7

(:&$)
006 2e COB 4e -o.07166x (2) -0.00274X(3) 0.02503 : = (4) + (5) + (6)

o 1.03000 l.m Q ●o@5 -0.00274 0.02503 -0.04937

In 33969 .76634 -.06734 - ●0021.O 02503 -.04441

20 .76@4 .17365 - ●W -.00048 02503 -.03034

30 ●50000 - .%000 -.03583 .oo137 ,02503 -.0121.7

40 .17365 - ●93969 - .0U!44 .00257 ,02503 .0U16

50 -.17365 - ●93969 .01244 .0057 a2503 .04004

& -.50000 -*50000 .03583 .oor37 .02503 .06223

P -.76604 .17365 .05489 -.00048 .02503 .07944

a -993!369 .7m4 .0673h - .Oozlo .02503 .Ogoq

9 -1.cOooo 1.00000 .07166 -.00274 .02503 .09395

!



1

(Ii&)

o

10

20

40

50

60

70

80

mEGE 9.- ~’~s # Al!vARIotJs vAIiUEsm e

[
Fanllly II. 1kf =0.6; tl = 2.5.

2

an 2e

o

.34262

●64279

.86E03

.g8481

.$X3481

.866C13

*@79

.3@02

u

3

Em 48

0

.64279

.g8481

.86603

.34~2

- .34!232

- .&i603

-.g8481

-.64279

0

4

,02751 x (2)

o

.C4)941

.ol@!3

.02382

.02709

.02709

.02382

.01V58

.00941

0

5

-o.oo@ x (3)

o

-.00520

- ●W97

-.00’701

-.00277

.00277

.00701

.00797

●OO52O

o

6

0

.00421

.CQ371

.01681

.02432

.02986

.03083

.02565

.o1461

0

7

@
(teg)

o

.24

.56

.96

1.39

1.71

1.77

1.47

.84

0



TABm lo. - 131!mmm+KlMmJ! DIsJmmmoN

[
mnlily II. k’ =0.6; t’= J1

2.5j g ~~ 1
—= 1.8.464.

1 !2 3 4 5 6 7 8

22 J~ %1
2

6)

~

()

Ml

::

(:8) ; ?

-ER2 ~g R :$

- (3) -1.8464 = {4)/2 fram table8 - (2) X (6) = (s) + (7) -0.01339

0 1.6c@oo 2.56000 0 .713&l o .356%0 4.04937 -0.07899 .0.26442

10 1.58545 2.51365 .66725 .33363 -.04441 -.07041 .24983

m 1.54252 2.37937 .53297 .26649 -.03034 - .046&l .20630

w 1.47356 2.17138 .32498 .M249 -.01217 -.01793 .13117

40 1.38226 1.91064 .06424 .03212 .0EL6 .02096 .03969

50 1.27376 1.62246 -.22394 -.mg7 .04004 .05100 -.07436

60 1.15469 1.33331 - .5r309 - .B655 .06223 .07186 - .19&8

70 1.06418 1J3248 - .713% -.35696 .07944 .08454 -.28581

83 1.01542 1.03108 -.81532 -.40766 .0%127 .09166 -.32939

9 1.00000 1.00000 -.84640 -.42320 .09393 .093s -.34264

I

I

I



.

TABLE 11. - IxmxcTIom

VARIOUSv.

UAND VAT

03’0

cI?mayn. k’ =0.6; t’= 2.5]

1

(d-%
o

10

23

30

40

n
&o

70

80.

2

o

●00001

.00446

.01549

.03270

.05300

.07165

.08424

.08726

.08939

NACA TN No. 1692 “

3

-o .o~64

- .ok64g

-.03553

-.02158

- .Oogm

-.00182

0

0

0

0

. ..__ ,- .-—.
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F@ure 1.- Initially curved
deflected

Ir

4 It* —x

I
Figure 2.- Forces and moments

on a pressure-loaded ring.

bar in original and in
shape.

Y

73

Figure 3.- Angular rotation and
radial deflection of a point on
a ring after loading. .

r
I
‘+

00
Figure 4.- Coordinate system used in beam deflection.
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Figure 6.- Fourier coefficients ~ for various values of

k2
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bz
parameter k. = 1 - ; .
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1.0

%

o

.

I

b4
— — ~ ~

v
I I

o .1 .2 .3 .4
k2

Figure 7.- Fourier coefficients bH for various values of

()
parameter k.”k2=l - :2.
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0 .1 .2 .3 .4
~z

Figure 9.- Fourier coefficients en for various values of

parameter k.
()

~z=:~a

. . . . . . . .—



11A

.!3
#

1.5
a.

1.0
H

%5

/

0/
a4

o .2 .4 .6
kt

Figure10.- Fouriercoefficientsan forvariousvaluesof

parameterk’. k’= H/R.
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Figure11.- Fouriercoefficients~ forvarious“valuesof

parameter kt. k? = H/R.
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I I
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.2 .4
I
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k’
Figure 12.-FouriercoefficientsCn forvariousvaluesof

parsmeterk~. k?. H/~
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.

k’
Figure 13.- Fouriercoefficients~ forvariousvaluesof

parameter k‘. k’ = H/R.



83

.4

I I I

s =5=?i

5: J
I ~“

40
I I I .

.1 .2 .3 .4
~2

Figure 14. - ()Values of J and S. Family I. k2 = 1 - ~ 2.

-— ..———. _-—



84 NACA TN No. 1692
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Figure15.- Valuesof J and S. FamilyL k’ = H/R.
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.010
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.005
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k2

Figure 16. - Values of ~/a for various ratios of &. t = ~ ~ ;
q a3
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.01

kz

Figure 17. - Values of A2/a for various ratios of ~ . t = ~ ~ ;
EI q ~3

()
~z=l-~z
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IWgure20.- Valuesof A@ forvariousratiosof &. t’ = ~ 1. k? = H/hq~
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Figure21.-ValuesofA@ forvariousratiosof ~. t’=~ ~. k’=H@.
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F@re 55. - Increase of arc length due to angular displacements.

F@ure 56. - Increase of arc length due to radial deflections.
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